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Optimization for Object Localization of the
Constrained Algebraic Reconstruction Technique

K. hf. Hanso]l*

Los Alamos !National Labora’.ory, \lS 1]9!()

Los Alamos, Nfil 87545 [’S:1

.Abstract

A metiltj(l for optiniizillg image-rcrovery s41gorithms is presmtd t IIat is based on h,tw well llle sperifird
task of objr~t localization can IJC per form~c! usin~ the reconstructed images. I’hc task pcrforr-nancc is
numerically assessed by a Nluntc Carlo simulation of llle complete irslagillg process illrludillg the generatil~ll

of scenes appropriate to the desired application, subsequent data taking, image recovery, and prrformanco

of the stated task based on tllr final im~ge. This method is used to optimize tile constrained Algebraic
lletonstruction Technique (ART), which reconstructs images from tileir projections under a ncmne[~ativily

constraint by means of an it crativc updating procedure. The op~imization is performed by finding tile
the relaxation factor, which is empl~lycsl ill the updating procrdurc, that yields the rrlil~imum rnls error in
estimating the position of discs in the rerollstrurtcri images. It is found that thr optimum operating p(~illts

for the best object lcIcalizat ion are essenlik.lly the same as those obt aillcd carlirr whel~ the perfornmncc (If
simple object detection is to be optimizer!.

I

Medical Imaging III, R. H. Schneider, S. J. Dwyer III, and R. G. Jost, eds.
Proc. SPIE 1090, pp. 146-153 (1989)



constraint in the reconstruction process improved d’ by almosl a factor of lllrce whun nllrllinal rrlax;l[ioll

factors were used. [L was found that wiLh optimization, d’ Cl)illll be illl-rraswi hy another facl(~r of [tin.

“~lle improvement in d’ c:~rrela(ed weil WiLh visually rstinlated itl~aqe quality. [f Lllr ,)pli[llizali,,r) ,,f III(I
algoriLhm with respect to the common measure of rec(jns[rllclion fai[llfu]ness, [hd rt:ls dl!rcr~’tlc~’ I)rlwt.m
the reconstruction and the original scene, were followed, cll[lsil!eratllv po(]rer (i(’lt’~[ilbilit~ iL1lll pcrcl’ibl’tl

image quality resul Led.
\Vr report on an extension of [he previous work to the cl)[lsi~lcr;~[i(~n of the perf(:rmi~llcr ,Jf il hi~llvr

order task. namrly estimation of objrct location. “~!lis rxtensi,lll is prrlill(’n[ Ijt’causr III(’ il[-(”ll?il~~ ()[ i,l),j,’(1
lora]izaLion dt’p~n(~s tln [he higher Spatial frequencies ill III(I rec[lnsl rucli(,tl, t~hicil ilri’ l)uli~’ve(l (t) (Il)[lllllil[t,
[he performance of (Jtllrr Iligll-order tasks such as medical (liiigrlosi~ [; .

Estimation of ()~)jt’(:t positi(JIl

The task of estimating Lhe position of an (Ihjer[ with kt]own s]lape is prrf(jrrlwd Ilsing a Illi[lirlllllll
chi-squared ( ~2) titling procedure. It is knuwn that [his procedure is equiva!tillt to Illaxilllurn likrlill,,(,~l

estimation ~7\ when the noise is gaussian distributed and uncorrelatcd. I:(M a set of rlli’asllrL*I1lt’llLs ~,, ~: is
given tJy

\- (/1tz”u Pl(ll))2

u; ‘
(I!

where p,(n) is Lllc prcdic[cs.1 valtie of the ith rlleasurcrllrrlt for 111(I p;lramr[rr vecl(,- [1 ;tlid m, is tl:e r[ll~

noise in the ith measurement. The sum is ow=r all thr measurements that are 1(I I]e illclu,lrd in rsti[ll;~lillg

the unknown parameters. ‘]-he hcst fil to lhe data is ohlainrd h-v !inding t]m sol of ]):iriinlrtrrs (i t Ilal

mininuze9 ~2. ‘r!le fitting alguril]lm wr have used is ~ss(’ntiid]~ Idrnlica] t~) the C’lll[:l’I’ I)rogriiil] [)rt’scnleft
I)y 13evirlglon ~Nj for fitting iA nt)lllirlear fl;tlcli~~n of the pi~rallwtrrs, l:(w 111!’lask i~t llalld. l]ie rsti[llilliflll (!
1]1(’ lt~(”aLilln of a known signal, lhu prrdic[:t(l fllllclitm p, is norllillvi~rl,v rt’]ill r(l 10 I hti i)osi[ iol).

Aig(’l)raic R(’(”()[lstrllcti()l~ ‘~t’~llx~i(lll(~

‘1’!14’,\lgrl]raic 11~’collstrllctioll” ‘1’eclllli(lllr \J\l{’1’) ~1~ is illl !lrrilli”;t’ idgoriltll!l llliil r(’r,l[ls[rllcls iL F,lrlrlitl[l

frl~rll ils proji’rtiolls.” It ll;Ls pri)vrll 1(I 1)(- ii vrry Sllr(”v!isflll l(lIIloKrii[)tlir rrrl)[lslrllcli,~l, i~lgl~rillllll, })iLrli{”lllilrl,$’

Wilt’11 tllcrr is i] li[llilctl nlllld)rr of I)rojccli(ms i\ ViUlill)l(’. :\ SSlllllU 111;11 .V IIr[,j(’cli{jll lll(’iiSllr(’lllt.llt S ;~rt’ Illil(ll’

[llt’ilsllr~’1111’111is writ rrli ;ls

(2)

I“IIc .\ 1{”1’ikl~llrilll[ll llrllc{’i,l~ ;ks I“,,llt)ws.

is Ilj)llill (’11 l~y ilrri~lillg 1111Ill{’ ill~livillll,ll

1 dk,, ~k , ,,k,, , !), l~,fk ,
//,1’11,

\K \,,(r\)h 1 (1)



norm. (’ensor et u1. lo have shown [Ilat u:lconstraincd ,\R”r ullin]alely’ ro; lverges I() il Ininin 1111-[lt~rlll

lCi3St SqUaiCS solution if the rclaxatii)rl factor approaches zero sl(Iwly cllIIIlgh. IIowcvcr , .\K ilS~lll~ll oli(’illl~

approaches zero for anv value of r4 S I. “1’ll@Vallle appn~pria!e fijr a Iinite tlurlll)er t,f ittirillit)lls rrttlail)s

uncertain. In previous work (he author has assun~e(l for Al] anll rl Lhe nomi[lal v;~lllt’s ~)f I.() ;in(l 1).5 for

problems involving a limited nun~her of pr(]jections, and (1.2 nn(i [).S for pri)hlrll]s illv~]lvil~g tlmrIy ( = II)(1)
views 1,, Sext we IIisruss a way 10 tir!d the hcst cll,)ice f,, r Ihc rcl.lxati,, n pararl]e[thrs f,, r a 511t11”ilirI)r(,l,lrlll.

Srvcral classes o[ mrasures have been employed in the past ,JI1 Which lLLbase the t~pliltliza[ ion i~f illlilge

recovery alg(~rilhms 11 , Sollle are hascd on how cl[~se the reconstructed inlages are 10 tlltI (Jrigin;ll illlagr,

such as Lhe ronvtlnlional measure of the rms dilTer~nce Lctween the rcconstruclit)n aIld ltle (Jri~inCal ill]itgo,

simply called the rms error, ‘1’his tigurei~f merit may be convenient froma mathen:atical slalltipllilll, hut i[
does not rorrelate well Willl L]le use~tIlness of rec~)nstructt’d images. “lhere are alternative nwasules l)ilS(’(1 ,)11

how fh)sely the estimated reconstruction reproduces the measurement data, fur example, ttlt’ lll(’ilIl. S(lllar(m

residual. (’llfortunate]y, without furlhrr constraints, reconstruction based on minimizillg the IllPilll- S(lllilr(’

resiliual is known to he ill-cond; tiunc[i (jr even worse, ill-posed ~] I,, \Vc have propusd ;5~ tllil[. [1111IIIIISI

meaningful measure up{m which t~~ Ilptimize reconstruction algori~hrns is the ability to pt’rfl~rm tile kind of

task for which tile imaging svstcm was intended. \Ve will use the ftlilowing example to d(’IIl(I1l Slriilc hIIW

ttlis can be arcomplishcd.

“I”he nmnerically calculated [ask performance can be used to search fur the (]ptimurn choice (If A() WII1
r~ for the Am algorithm. For the present purpose, the scene is assumed to cnnsist of a numbrr of non
overlapping discs placed on a zero backg-round. For this example, each scene contains 10 lligh-ctjntri~s L discs

f}fan~,plitudr 1.0 and 10 Iow. t-l)ntrast discs with amp]ituje 0,1. ‘Ille d~scs are randomly placed wilhin n circle

t f rcmllstruction, which has a dimtleter of 12&Ipixels ir t!le rt=ronstructed imaKe. ‘1’he diamclcr (If cacli (Iist”

is S pixels. [n lhis colnputrd tur~mgraphir ((;;C) prohleln, lhe rrlcnsllrl’mcrll;-are assunwd Li) collsisl (If il

sprciliud nurllhcr of parallel projerlionsl each ronlainillg 12ti samples. ‘1’ell ilrrttlions of AI{’I’ ilr(’ US(’(1 ill itl!
of t llc present ex;lrnplesl IL is assull~etl that the ti~~k to I)r pcrforme<l is the esLillli~li~ln of tllr pt]sitit~lls ,,f

the discs. ‘1’{)prt)(lurc Iluisy (!ilta, random noise is ad(lcd LO tile l)r(~jectioll lll~~asllrl”[tll’ills usi[lg ii (;illl S5ii111.
(!isLril)lltc[i rilll(lo[ll uumbcr grncriltt)r. l:~~r a display t~f the kinds (~f scenes use,.1 ill tilis stu{lv, l)l<~ii~(~ relrr
10 ~1,51,.

:15 Ilwulit]lle{l ill)(IV(’, eStilllillitJll {~f Illr l)(lsiti{~r; tllc tliscs is l~rrf(]r[lwd IIsi[ig ii IIlillill]llll, \ 2 Iillillg

Ierlllliqu(’, 1“’[)rltleilll)ul lll(”ilSllr(’II; l’llt S 11) tllc tittillg l)r~~retlllre, wc IISC tllrsetof pixels in the ruc!lllslrllctr~l

illliigt’ / III;ll fill] illsi(!r ii rix]e with n rii(lills 1.7 Ii[llr!t the ra{lius f~f IIIC (Iisc wll~)sr l)llsiti~lli is 10 ljr
(Iclvrllli:le(l, ‘1’llis rirrlllilr litlill~rr~i(]ll is celllrrt’(ltjll ttlt~~][~sil il,lli,flll~~llisc I)cillglil, ‘I”llefllll(lioll lili(’~1

lo l~lc (Iitlfi is n (Iisr i)f b’iirial~le nlllI)litll{!r wittl ib lille~lr]y lnpercd e(lge, wlliuh is clltlscll It) :tlll)rl lXilllill{’1~

Illiilt’11 tllc *llill)(- (If Itle r(’rolls[rllrlr{l [Iiscs, ‘1’IIc I)nrkgr{)lllld is nssllllw[l t,) I)c t,er,j. Ill IIIU tits Ilrrf{lrllw(l
Ilrro, IIIQ. r;itlillq Al}tl Iill)rr {Irlllr [Iiscs nrr Ilcld r(lllslallt {111(Ithe nlllpliludc nlltl tllc Il(,rizl,llliil iiIl(l vt’rlir;tl
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nmlter which set of objecls is l.scd for p[jsi[io]l cslirrlat ion. ‘1’llis fact is irllp(]rtallt brcause in some situations

tile low-c onlrast discs are d~lycult 10 detect, givil)C rise ttt the prllblrnl drscribcd above of knowing huw Ill

score SUCII cases. Furt hrrmcm , these conlours arc quit c sir:tilar LO those for thr optimization funclion based

on lhr dctectal.)ility ~ndex, i. ~. 10(), d’, Thus optiriliza[ion w;( 11rrspcct to all: of Llwse performance indices

yields the same operating I]oin[. RFcall, however, [he previous Jrlll,,llstration .5; that optimization based on
LIIC rms error in tile rect,rlslruc[illn resulted in more artifacts than optirr.izi,[ion based on [hr (1(, tcrtability

index d’.

Figures 2 and 3 cunlpare tllc optintization function based on loca]izablity to tilat based On detectability

for LWUothel data-taking situations in which rand(~m rmise is added to the projection data. In these cases

the contours of the two optimizaLiol; fullct icns are nut nearly as identical in shape as they are in Fig. 1, but
they do show [hr same general trends. In Fig. 3 bl)tll 1 /d’ and rY~ show lit[le dcpclldcnce on Au and similar

drpendcnrcs on T,l, I.)uL with different positions” (If [ho minima, In Fig. z tile tw,, functions have rmarly Lhc
same rrtin!ma but demonstrate somcw!~al difTrrcllt characteristics in tlwir dependcxlrr on Lhe two variablrs.

The optimum values for A(I and rA arc ft~und fur various c(ondilions of da[a rtjl!cclioll using a fUllCLioIl

minimizrr fr(um t lle !$,f[j library 1 called F,().IJ 111;. ‘1’ilis routine finds the nlil,itllurtl of a fullct ion of rrlany

paramrtcrs after numcruus cvalua[iolls of the funr[ion. From 20 to 1O(I function evaluations are requirrd

fur the cases stlldied here in wllicll just, two paramr[crs arc varied. Table 1 labul:itcs the results obtained

prcviljusly Willl cl~llstraincd ART fur optirrtizatiorl wi[h respect LO the de[eciability of the low-contrast

discs. I’he nonrl!.r:l[ ivity constraint was found to I.)c generally useful with L1lC nominal relaxation factors,

parlicularl.v when TII(.data arc Iirlii[cd by the measure-merit g(~ometry. Optimization produced even further

improvements in ~1(1(’r[abilily. \“rry large rclaxatiun factors are preferred, in fact much larger than might

be expected. ]{ol~l}~ir, whrn it is r(alized tlli]~ tllc n[)mlrga[ivity c(~:lstraint has the eflect of undoing tllc
agrcenlcllt ~ith (,;I( II nleasurernexlt t}lat SIIOUI(I rcsul[ frorll an update, it smms reasonahlc tlIat ovcrrclaxalim

is desirable. ,KviLller the use of nonnegativity nor (Jpliniizatil)n has much Lcncfi[ when tile data are complctc

hut noisy.

‘Illc rrsults of opt imizirlg cunstraincd Al{-l’ with respecl 10 the accuracy of position eslimatiol: are

presrrltrd ill Table 2. As a gcllcr;~l ol)srrvatioll, t)p[ irllizalioll Willl rrspccl to Iocalizability yirlds verhy silxlilar

(Ipvratillg pllitits for AI and r~. l:l.lrthcrrmm”, t]le factors ~)y which improvcmrnt is made in the t,ptirnizdliml

furlclit~;l I)y mo~illg fr’(~111[he nomimd rvlaxa[iurl pararnctcrs to tllr optimized ones is nrarly thr same for

rw-h (iata takiug si[ua[ il)n. IL appcarh ttlut llIC cllm-1 of artifacts on 1/d’ and u~ are similar, I’rrtlaps this

filCl is a ~i)I1’4(’(ill~ll~C of tllr ri~ll(l’llllizati(~rl pr(lducrd ill llle arlifarts arising from the randomized plucrrnrlll
(If tllr discs in (Ile ninny SCl?Ii CS Illat arc used to Culru]atr the a}-rragr pcrformunce illdcx. ‘1’hell 111(’ cflrcts

[~f arlifiu’ls rrligllt br cxpmlrd 10 hrllavr sirnil~irly [u thtjse lif additive random noise ill the measurrlncnls.

‘1’llr collclusiorls rcgiir(lin~ LIIC optinliza[ion with rcspcci to lt~ralizahility in unconskuimd Ali’r rccoll-

SI rucl ions arc csscnlifil]y the sallw as thljsr prrvi[)uh!y druwn nl)ou( delectability. Helat ivcly lit I lr iluprov(”

IIIrIIl ill h)cdizabilily is hrhirvrd I)y opt illlizat ion corllpmrd 10 llml uhlaincd with the nonlina] rrhkxtilion

[ilCt (II’S Ill I hr noisrlrss cases, iI Vidus’ of uni[y fltr AK yields rssrntitdly lhr sanw rrsulls m the optilllizr(l

Yitllll%. il cllilice lllal is ill aKrrerllrll[ Willl COIIIIII(JII priirt icr. Ilowever, for n(lisy dntu it sswtlls dwiirable for

r,~ I.(I I)(. les~ llliLll urlily iLll(l,wtlelltllrrr i~re[;lhlly views, All should I)r srlliL1l. ‘1’llcsr rll{)ices arr reawmnl)lr

as Illry pr~llll(jlr si:{lli!iri~lll aV(’i;l~illg over all ltlr virws. As ii rulr (If 111111111),for 11.)isy I)llt comI)lrte (li~li~,

Illr I’1’liLXillil)ll f.wlor 511111ilIl 1)(’ l~l)l)roxilll;)l(’ly r(llllkl III llIr rrcil)r~lt-i~l ~jf tllr [Illlill)rr of virws f[lr Ille IUS1 frw

ilrrillilllls.
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Figure 2: Contour plots LLtained wilh constrained ART for measurement data consisting of 100 paral]cl
projections spanning 180° containing random noise with an rms amplitude uf 8.
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Table 1: Summary of the effect of optimization ,~ith respect to the detectability index d‘ of the low-constrast

discs in reconstructions provided b~ constraine(i .4RT ‘(repeated from Ref. [1]). Dramatic improvement in

detectability is seen to be possible when the measurement geometry limits interpretation of the reconstruction

rather than noise in the data.

~n=lb er
—.

I AO ‘“] rms I nominal I optimized I
i proj. I (deg, ) I noise I }0 r~ d’ I ‘Li___!L.

~’y~~-:fl
15 90 0 1.0 0.8 2.050 2.78 .

16 , ‘2 j 1.0 0.8 2.372 \ 3.01180 0.712 2.74”4

Table 2: Summary of the effect of optimization with respect to the loralizability of the high- constrast discs

in reconstructions obtained with constrained ART. The object ioca&zability UA is given in terms of pixels.

-er Ao rms nominal optimized

i.

.proj. (deg. ) noise A~ r~ o~ A“ r~ u~

100 180 8 0.2 0.8 0.182 0.046 0.920 0.174

8 180 0 1.0 0.8 0.472 3.24 0.977 0.104

12 180 0 1.0 0.8 0.236 2.80 0.989 0.0277

16 90 0 1.0 0.8 0.426 2.41 0.998 0.149—— —— ——— —
16 ~ 130 2 1.0 0.8 0.160 2.93 0.811 0.130—. .——. —

Discussion

In many of the imaging situations studied, the optimization of constrained ART realized through a judi-

cious selection of the relaxation factor can significantly increase the Iocalizal-sility of objects, especially when

the data consist of a limited number of noiseless projections. l’or unconstrained ART, little improvcmelit

can bc acilicved tLiough optimization.

The accuracy of object localization fur constrained and unconstraille(l ART, with and without optimiza-

tion, follows the same pattern found earlier for detectability. The optintization functions for the performance

of the tasks of position estimation and detection of low-contrast u“ujccts show similar Lrends as a function

of the two relaxation parameters A. and r~. ‘I’he optimum operating points ill terms of these pararnctcrs

vary with tile ciata-takillg situation but they are nearly tllc same for both of these tasks. This conclusion is
I)crllaps a little surprisill~ because the task of object localization is nlcre rlcpcndc!lt or~ LIIC high-frequency

col)tcrlt of tllc inlagc t!lan is simple detection [6], If the parameters bei[lg varied ill llLC optintizatio~l had

separate cffcrts (III tile r]lodulatio?l transfer furlctiorl (M1l’) and tllr correlation of the nuisc irl tllc I_itlul

irllii~(’s, a difl”crclll result migl)t have Lmn antic ipalf’d. I)nrt of llle rxl)lanatiorl f{)r thr obsrrvcd sirrlilarily

ill lllr results is tliilt, ill ltlc present case of image rrconstructi[]rl, the rcsoluti(~o of tllc Iild iolagcs is Ilol

all”cc[cd IIluclI I)y tile re)ilXiitioIl factors. 011 tile otllcr Ilund, Lllc realization ill tllc r(’constructioll of ralldt]l’1

nt]isv ~)rcscrlt irl LIIC ,)rojccLi[J1l Illcosurcnlcnts curl be dr(h(td, ‘1’IIIIS it is irl tllc s;[llfitit)ns ill which ll(~isc

ih il(l(l(’(1 to Llle rrlrasurclllcrlls tilat W’(’ol)scrvc solllc dill’crcllccs ill Lllc ol)(i[rlizikt i(~rl funr[i~~[ls LIilscd 011 Lllc

l)rrft)rllmrlcc {~f Lliese LWO Lilsks.
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It is possible that one may ciesire to optimize an imaging systcm with respect to the pcrfornltu)cc or

more than one task and lhat lhe illdi~idual optimization functions might not have the salnc rnillima. ‘[’his

type of behavior is seen, for example, in Fig. 3. In such a case one can colnbine the various optimization
runctiom into a si:,gle grand opLirnization function by weighting eac;l individual fu[lction appropriately. ‘L’hc

optimum operating point would strike a bahmce between the operating points that are best for each or Lhe

constituent tasks.
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